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Abstract. Apparently conflicting results of Josephson tunelling experiments in the high-Tc
cuprates have been explained by Müller by proposing the coexistence of s-wave and d-wave
condensates. We have explained a number of experimental results in the cuprates by assuming
that the ionic plasmon promotes the s-wave condensate. As some of the fits are very compelling
we propose that the ionic plasmon be accepted as the mediator in the Cooper pairing in this
case. We have also explained the existence of a single transition temperature and the existence
of the precursor spin-gap phase.

Recent tunelling experiments which were expected to settle the question of Cooper pair
symmetry once for all in the high-Tc cuprates (HTCs) gave apparently conflicting results.
Tunelling along thec-axis of YBa2Cu3O6+x (YBCO) clearly showed s-wave character while
tunelling along theab-plane indicated (‘with one exception’) d-wave character of the pair
wave function. The conceptual roadblock was removed by Müller [1] by proposing an
explanation on the basis of possible coexistence of s-wave and d-wave condensates in the
conducting layer. The two condensates are believed to form by pairing, respectively, in
the c-direction and theab-plane. Elaborating on this picture, we believe that in the doped
condition the Cu2+ 3d and O− 2p orbitals would constitute, respectively, the d-wave and
s-wave bands. The two bands are not separated in real space but are in the momentum
space. They would be almost independent iftpd is small. This is also the condition for
strong correlation near half-filling. It has been mentioned that whentpp is not negligible
compared totpd the single-band model fails. Though the experimental evidence favouring
the two-band model may not appear extensive at this time [2] we proceed with this study
because our main focus, namely, the mechanism promoting the s-wave condensate, is to
a degree an independent matter. Our main finding here is that the s-wave condensate is
promoted by theionic plasmon (IP) [3].

The experimental evidence for the existence of the IP has not been conclusive [4].
We hope there will be a search for it by transmission electron energy loss spectroscopy.
The most important indirect evidence for it has been the result of numerical analysis [5]
(hereafter referred to as AMS) of the photoemission data on Bi2Sr2CaCu2O8+x (BSCCO).
Assuming s-wave Eliashberg theory AMS obtained for BSCCOλs = 8.67, the transition
temperature for IP meditationTc = 60 K,1s = 18 meV andµ∗ = 0.15. Apart from the very
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high λs the other important finding was that a boson of sharp spectral weight distribution
at ωPL = 10 meV was the promoter of s-wave superconductivity (¯h = kB = 1). That such
values ofλs andωPL become highly plausible if the IP is accepted as the promoter has
been suggested before [6] on general theoretical grounds. Here we analyse a number of
experimental results on YBCO, the HTC that has been experimentally studied the most,
and demonstrate that the assumption of IP (ωPL = 10 meV) explains them quite accurately.
In particular, we predict that for optimally doped (OD) YBCO (x = 0.94) λs = 2.3 and
Tc = 31 K; 1s = 20 meV is already known [7]. The theory of the IP [3, 8] when adapted
to the OD HTC shows that (see below) in BSCCO and YBCO an IP of about 10 meV is
expected to be present. Though it would be ideal to identify observables which are specific
to the IP and look for them in experiment our nearest approach to this ideal has been the
detection of the AMS boson. This is at least one compelling fit. The other evidence we
will present here will apply for both the phonon and the IP. The reason why a phonon with
the spectral weight of the AMS boson is unacceptable has been mentioned before [6]. The
general unsuitability of phonon mediation is discussed widely in the literature.

Since lattice involvement is always indicated in the HTC [9] we have to find a lattice
boson. We emphasize that the IP is the only possible lattice boson other than the phonon.
It is given by [3, 8]

ωPL(k) = ω0k(k
2+ χ2)−1/2 ω2

0 = 4πnie
2/M χ2 = 6πnhe

2η̄/EF

η̄ = [(1− ζ 2)/4ζ ] ln |(1+ ζ )/(1− ζ )| + 1/2 ζ = k/2kF (1)

whereωPL(k) is the IP energy,M is the mass of the O atom where the hole is situated
in the doped HTC,ni ≈ nh, χ−1 is the screening length and̄η is the Hartree correction
factor. The doped HTC has been called an ionic metal because at OD the hole density is
one to two orders of magnitude smaller than in ordinary metals. We expect for the s-wave
band the usual local density approximation to be a valid band-structure approach (except
for N(EF )) particularly at OD. Settingni ≈ nh ≈ 3× 1021 units, EF = 130 meV [10]
andmeff = 1.5 me [11] one haskF = 2.38× 107 units (all units are cgs unless mentioned
otherwise). So at the Brillouin zone boundarykBZ = 8.3× 107 units, η̄ = 2.7× 10−2

and χ = 4.1× 107 units. Thus from (1)ω0 = 11.3 meV andω(kBZ)PL = 10.1 meV,
in almost exact agreement with AMS. We expect further reduction ofχ due to exchange
and correlation so thatk > χ would hold for smaller values ofk also. That is, the IP is
expected to exist over a large segment of the Brillouin zone. We note that the condition
k > χ provides the escape route from the well known Bohm–Staver mechanism by which
the IP would not exist as one would expectχ > k to be satisfied in ordinary metals. As
the figures quoted above show, it is because of the low density of charge carriers in the
HTC, ∼1021 units compared to∼1023 units in ordinary metals, that at least the condition
kBZ > χ is satisfied. Physically, this means that the Coulomb field of a charged ion is not
screened enough due to the low density of mobile carriers so that its range extends beyond
the nearest neighbour ion. This makes possible the plasma oscillation of the charged ions
or the existence of the IP.

Historically, it is the carrier plasmons which were considered as a possible bosonic
mediator for Cooper pairing in the HTCs. These theories, however, have not found general
acceptance. The single most serious shortcoming of the purely carrier-based theories appears
to be that there is no way they can explain the lattice involvement [9] we have mentioned
before.

In this work we have focused on the mechanism of pairing in the s-wave band. As
already mentioned the two-band model which has been advanced on important experimental
grounds in [1] had not been generally accepted earlier. It is now becoming clear, however,
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that in the underdoped and overdoped (including OD) regimes the single-band and two-band
models, respectively, would be appropriate. The details of this matter are outside the scope
of this study. It may be mentioned that the crystals on which the tunelling experiments
were done [1] were OD ones, in whichtpp is expected to be comparable withtpd and a
two-band model appears justified.

An important experiment [12] that indirectly supports the IP mechanism shows that the
disappearance of superconductivity in overdoped cuprates is unrelated to the structural phase
transition but is determined mainly by the hole concentration in the planes. As can be seen
from (1) for high hole concentration the IP would tend to disappear due to the increase of
χ2. The resulting overdoped nonsuperconducting crystal will be in a precursor (spin-gap)
phase (see below), a situation now detectable by experiment [13].

To give an explanation of the manifest transition temperatureTs we reproduce briefly,
for completeness, the work of [14] and [15], which have discussed in detail the inclusion of
Josephson interlayer tunelling into the usual BCS boson exchange theory. In the latter
the gap parameter1(k) is defined by1(k) = −∑k′ Vk′kbk′ ; this is now modified to
1(k) = TJ bk −

∑
k′ Vk′kbk′ , where TJ is a general coefficient representing the sum of

the Josephson coupling. In [15] this modification of1(k) from the usual BCS value is
used to derive the self-consistent equationbk = χ̄(k)[1 − TJ χ̄(k)]−1∑

k′ Vk′kbk′ , where
χ̄ = N(EF )

∫ ωPL
−ωPL dε tanh(2Ts)/ε, ignoring thek-dependence. By a simple generalization

of the BCS theory the preceeding equations lead to ln(1.13ωPL/Ts) = (1 − TJ χ̄)/λs ,
λs = N(EF )V . It thus appears thatλs is renormalized upwards by a factor(1− TJ χ̄)−1, a
result we take over in strong coupling to write

Ts = 0.183ωPLλ
1/2
s (1− TJ χ̄)−1/2 λs > 1.5 (2)

where

χ̄ = 2N(EF )
∫ ωPL/2Ts

0
dy tanhy/y ≈ N(EF )ωPL/Ts

sinceωPL/2Ts ≈ 0.58. ForN(EF ) we note the experimental value of 5.8 states/(eV Cu site)
for YBCO [16], i.e., 11.6 Cu states/(eV cell). In BSCCO numerical work shows [17] the
ratio of Cu states to 0 states to be 0.33/0.30 and, by making the assumption of the same
ratio in YBCO,N(EF ) for 0 states is 10.5/(eV cell or pair). We, however, decide on a value
of 9.1 for this quantity, the difference being accounted for by the possible unsuitability of
the above ratio for YBCO or a fraction of the inner p states being unavailable. We shall
further justify this choice later. So withTs = 95 K one hasχ̄ = 11.1 states/(eV pair) as
the pair susceptibility. Also,TJ = t2⊥/t‖ [14], t‖ = 0.25 eV and (2) lead tot⊥ = 0.14 eV,
a magnitude in exact accord with standard band calculation [18].

We notice that for largert⊥ in YBCO the material is more three dimensional with a
smallerλs but largerTJ while for BSCCO witht⊥ < 0.1 eV just the opposite is true. In both
the cases because of the presence of two conducting CuO2 layers per unit cell the combined
effect of Cooper pairing and Josephson tunelling givesTs ≈ 100 K. In La2−xSrxCuO4

(LSCO), on the other hand, because of only one conducting layerTc ≈ 35 K close to that
for YBCO and hardly any Josephson tunelling contribution. In the cuprates with one, two
or three CuO2 sheets it is now established thatTs is an increasing function of the number
of sheets [19], a fact in keeping with the idea of the Josephson tunelling contribution. With
a large number of such sheets the rise ofTs with number should flatten as has been seen
experimentally, but there is still no answer to the question of whether there is a maximum in
theTs versus number curve. If there is, the simple picture of Josephson tunelling contribution
would need revision.
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The value ofN(EF ) just assumed leads to the correct value ofρab at a high
temperature, say, 300 K where the Cu d states are expected to be localized [20] and
only the s-wave band is relevant. Writingρab = 1/n(EF )e2〈υ2

ab〉FS τ , where [21]
τ−1 = (4πT ) ∫∞0 dω(α2F(ω)/ω)I (ω/2T )δ(ω − ωPL) and settingλs = 2α2F(ωPL)/ωPL
and notingI ≈ 1 here,

ρab = 2πT λs/e
2N(EF )〈υ2

ab〉FS. (3)

With N(EF ) = 9.1 states/(eV cell) = 3.28× 1034 units andυabF = 2.0× 107 units [22]
ρab = 1.75× 10−4 � cm. Though earlier work showed higher values of the resistivity
possibly due to grain boundary effects [23] later work [24] with a high quality twinned
single crystal gave about 1.8× 10−4 � cm. We note that the dominant contribution to
the resistivity at higher temperature is the carrier–IP interaction and any other possible
contribution is of minor importance.

To explain the smallnegativeisotope effect of the planar 0 atom of order 10−3 [25]
which corresponds to an isotope shiftδTs = 0.10–0.14 K one uses (2) and the idea of zero
point motion (ZPM) [26] and writes

δTs = 0.0915ωPLλ
1/2χ̄(1− TJ χ̄)−1.5[2(t⊥/t‖)δt⊥ − (t⊥/t‖)2δt‖]. (4)

By ignoring tpd compared totpp and writing t‖ = bt2pp/E, E2p − E3d = 3.6 eV [27] one
hasb = 2.13 wheretpp = 0.65 eV has been used. Via the Zener–Slater approximation [28]
one writes in confocal elliptic coordinates

tpp = A
∫

dυrA e−κ(rA+rB ) rA,B = l(ξ ± η) dυ = 2πl3(ξ2− η2) dξ dη

16 ξ 6∞ − 16 η 6 1

which on evaluation gives

tpp = Al2(1+ 2κl) e−2κl (5)

whereκ = 1/1.4 Å is the Slater parameter for the pair of nearest neighbour 0 atoms (taken
here approximately as the same as that of the O2 molecule [28]) at a separationl = 2.78 Å
in YBCO. In (5)A = 1.44× 104 units by fitting. Also, noting that there would be ZPM of
0 atoms both alonĝa and b̂ we write

δtpp = 2Al e−2κl(1+ 2κl − 2κ2l2)δl δt‖ = 2btppδtpp/E δl =
√

2δa

δa = κ̂(1u)21M/2M (1u)2 = h̄/
√

2Mω [29] (6)

where the Slater parameter of the Cu–O bond (of lengtha) κ̂ = 1/1.6 Å and the change
of a arising form the substitution 016 → 018 via ZPM of frequencyω ≈ 200 cm−1 [30]
δa = 2.74×10−12 units; thusδt‖ = −1.30×10−16 units. We find on evaluation that the first
term in square brackets in (4) is negligible in comparison with the second which, on using
the above results, lead us toδTs = 0.103 K. This is an excellent fit with the experimental
value.

In an exhaustive review of a large set of experiments and of HTCs it was concluded
that the data could not be explained in terms of carrier concentration alone and the lattice
effect needs to be considered [9]. The following is possibly a first calculation of the lattice
effect which gives results in quite accurate agreement with experiment. In the same manner
as (4) we write for the lattice effect

(dTs/dP)L = −0.0915ωPLλ
1/2
s χ̄ (1− TJ χ̄)−1.5[2(t⊥/t‖)(dt⊥/dP)− (t⊥/t‖)2(dt‖/dP)]. (7)

In the case of YBCO it is expected that pressure along theb-direction will affect the chains
and cause charge transfer (CT) between the chains and the planes. We assume that pressure
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along thea-direction will not significantly affect the chains and dTs/dPa would be almost
solely due to the lattice effect. The pressure effect along thec-direction onTs is small and
CT in this case has been considered unimportant [31]. In our approximation we have found
the overlap between the Cu atom in the plane and the apical O atom to be zero and in any
case we expect the lattice effect in thec-direction to be negligible. We consider only the
uniaxial effects dTs/dPi (i = a, b) and write from (7)

(dTs/dPi)L = −0.0915ωPLλ
1/2
s χ̄ (1− TJ χ̄)−1.5(t⊥/t‖)2(dt‖/dPi). (8)

Using the first two of the equations in (6) dt‖/dl = −3.38 × 10−5 units and
noting that compressiononly along thea-direction gives dl = da/

√
2, (dt‖/dPa)L =

(dt‖/dl)(da/dPa)/
√

2 = −2.02× 10−25 units. Here we have used da/dPa = −8.44×
10−21 units obtained fromc11 = 231 GPa quoted in reference [16] of [30]. So from
(8) (dTs/dPa)L = −2.0 K GPa−1 which is in exact agreement with the experimental
value of this quantity,−2.0 ± 0.2 K GPa−1 [31]. Incidentally, it also confirms our
belief that dTs/dPa is due almost solely to the lattice effect. Similar calculation shows
(dTs/dPb)L = −1.75 K GPa−1 using c22 = 268 GPa [31]. Here for theb-direction we
have to include the CT effect which is believed to give a positive (negative) contribution
to dTs/dPb for a doping level lower (higher) than OD which is given byx = 0.94
for YBCO. Writing (dTs/dPb)CT = (dTs/dnh)(dnh/dPb) and noting that while the first
factor on the right is known from (2) the second is calculable via the bond valence sum
analysis of structural data [32] one may evaluate(dTs/dPb)CT for doping levels up to OD.
The estimation and evaluation in [33] and [32], respectively, of dnh/dPB has, however,
been widely varying, ranging from 20× 10−3 to 1.7 × 10−3 holes/(CuO2 formula unit
GPa) for the regime 0.4 < x < 1 and have not been consistent. There is a need for
discrimination between the lattice and CT effect which is possible only in a uniaxial
experimental and between the regimesx ≷ 0.94. In the present case if we assume
a value dnh/dPb ≈ 17× 10−3 holes/(CuO2 formula unit GPa) forx = 0.9 we have
dTs/dPb = (dTs/dPb)L + (dTs/dPb)CT = 1.9 K GPa−1 in agreement with experiment [31].
Figure 4 of [33] shows about one-third of this value of dnh/dP that has been evaluated by
using a phenomenological model whose approach and inputs are very different from ours;
specifically, it is concerned with uniform compression which cannot separate the lattice
and CT effects. Our estimate of(dTs/dPb)CT can only be vindicated by accurate Hall
measurements of dnh/dPb of well characterized crystals, but our calculation of (dTs/dPa)
is a successful and accurate calculation of lattice effect.

At this point we make some brief comments about the d-wave condensate for the sake
of completeness. We believe this condensate can be represented by a one-bandtJ model.
For such a model it has been shown numerically [34] that there is a BCS-like but d(x2−y2)-
wave pairing of dressed quasiparticles and we assume antiferromagnetic spin fluctuations
of energyωSF ≈ 350 K [35] as the promoter. [34] thus supports the Fermi liquid based
approach to the d-wave band and shows that1d = 0.15–0.27 J for the electron densityn
per Cu site varying from 0.5 to 1. Since for the HTCJ = 0.13 eV for all moderate doping
and YBCO hasn = 0.75 at OD one has1d = 27 meV at OD assuming its linear variation
with n. Numerical calculation shows [36] that in the d-wave case forTd/ωSF = 0.3 (1.0) the
gap ratio 21d/Td = 6.4 (4.7). Thus forTd = 95 K Td/ωSF ≈ 0.3 and so the gap ratio and
the gap just mentioned returns almost the same value ofTd , 97.8 K. This consistency shows
the correctness of the approaches [34] and [36] and of our assumption ofωSF = 350 K. It
also, incidentally, shows that for OD in YBCOTd ≈ Ts ≈ 95 K. It can also be seen that for
underdoping larger values ofTd are expected. From the data on1d andTd/ωSF mentioned
above it is simple to see thatδ1d ≈ 3δTd andδ1d ≈ 360 δn in temperature units that lead
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to δTd ≈ 120 δn which in turn, for example, means that for a change fromn = 0.75 (i.e.
carrier density= 3× 1021 units) ton = 0.85 (i.e. carrier density= 1.8× 1021 units) Td
would rise by about 12 K. This is a prediction for YBCO.

The regime betweenTd and Ts in the underdoped case may be called the precursor
phase, the existence of which and whose identification with the spin gap phase now appears
to be accepted. The appearance of the spin gap phase of d-wave symmetry above the
transition temperatureTs and its disappearance at OD in BSCCO has now been seen in
experiment [13]. One may visualize that in the spin gap regime there is an incipient
d-wave gap (suppression of spectral weight) in the crystal populated by fluctuating Cooper
pairs with a floating phase of the order parameter but no global phase coherence and no
superconductivity. At the lower temperatureTs the s-wave band also condenses into Cooper
pairs and one expected the establishment of global phase coherence by microscopic pair
tunelling between the two condensates. This explains the singleTs = Td for the crystal.
One also expects that due to reduction of the spectral weight in the spin gap phase below
Td the resistivity will drop as reflected in the empirical relationρab ∼ T ν (ν ≈ 2.5) found
in [24].

Lastly, we calculate the electromagnetic coherence lengthsξcs and ξabd at T = 0 K for
YBCO where the subscripts refer to the gap symmetry and the superscripts to the crystal
direction. For the s-wave condensate we use the relationξ cs ≈ h̄υcF /π1s(1+ λs) [37] with
υcF = 0.6×107 units [22] andλs = 2.3 which lead toξcs = 2.9 Å. For the d-wave condensate
intermediate coupling is expected [34, 38] and the relevant equation can be modified to
account for anisotropic interaction [38, 39]. Using the relationξ(0) = l[λl(0)/λL(0)]2 one
has

ξabd ≈ h̄υabF /π1dZ(0) (9)

whereZ(0) ≈ (1+ λd)[1 − (1d/ωSF )
2(1− λd)/(1+ λd)]; equations (8.20), (B25) and

(B26) of [37] have been used here. (The symboll has been used in a sense different
from its earlier use.) Due to anisotropic interaction at intermediate coupling the parameters
1d andλd are modified [38]:1d −→ 1d(λ/(1+ λ̄)) andλd → (1+ λ̄)/(1+ λ) where
λ = 〈λd(k, k′)〉 and λ̄ = 〈λd(k)〉; the exact nature of the average has been specified in
the reference. A simple representation of the anisotropy has been given [39] by writing
λd(k, k

′) = λd(1+ ak)(1+ ak′) andλd(k) = λd(1+ ak) which lead toλ = λd(1+ x) and
λ̄ = λd , x = 〈a2

k 〉 6= 0, 〈ak〉 = 0. We thus have

Z(0) = 1+ 1+ λd
1+ λd + λdx −

(
1d

ωSF

)2
λ3
dx(1+ x)2
(1+ λd)2 .

Inserting this quantity in (9) one could perform a two-parameter,λd and x, fit using the
known value of the relevant length. Instead we have found that a choiceλd = 0.9 and
x = 0.9 givesZ(0) = 1.17 andξabd = 12.5 Å. The values of the s-wave and d-wave
coherent lengths found above are in very good agreement with the accepted values, 2–3
and 12–13Å, respectively. The coupling constant of the d-wave condensate is intermediate
as expected and the anisotropy parameterx is large. The large anisotropy parameter is
expected as there are four zero crossings for thed(x2− y2)-symmetry gap.

Summing up, we have calculated numerical values oft⊥, ρab, δTs , (dTc/dTa)L and ξcs
for OD YBCO which are in almost exact accord with experiment. The only assumption
for these has been the magnitude ofN(EF ) at O sites andλs , which, being consistent
with all these quantities, are expected to be correct. Also, the calculation of(dTs/dPa)L
illustrates a new theoretical approach. The basic assumption of IP mediation is sustained by
the compelling numerical fit of its energy with that of the AMS boson as well as the results



Ionic plasmon mediation for s-wave condensate 4883

of the above calculation. The final vindication would need experimental detection of the
IP in the HTC. The other quantities of which we have found numerical values are dTs/dPb
and ξabd , which have required the input of parameters that seem highly reasonable in the
context but for which no more accurate justification is available. We have also explained
the existence of the precursor (spin gap) phase of d-wave symmetry which is now known
experimentally and have given arguments justifying the existence of only one transition
temperature.

This is not an exhaustive study of all possible properties of the HTCs but only some
of those which are directly dependent upon the expected IP mechanism of the s-wave
condensate. As has been mentioned before [1] it is desirable to determine how the different
probes differentiate between or integrate over the two different condensates.
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[27] Hybertson M S, Schlüter M and Christensen N E 1989Phys. Rev.B 39 9028
[28] Hirschfelder J O and Wahl A C 1966Quantum Theory of Atoms, Molecules and the Solid Stateed P-O L̈owdin

(New York: Academic) p 217
[29] Cyrot M 1994 Phys. Rev. Lett.1388. We have obtained the equation for(1u)2 by using Schiff L I

1968 Quantum Mechanics(New York: McGraw-Hill) p 69 where we have taken the total energy as
(1p)2/2M +K(1x)2 and followed the same procedure to derive the equation for(1u)2.

[30] The Cu–O planar breathing modeω which has been mentioned before to be at 420 cm−1 has been taken
here at 200 cm−1 on the following experimental grounds. In order to be acceptable the mode should be at
least present in all the HTCs. It was reported by Slakey F, Klein M V, Bukowski E D and Ginsberg D M
1990Phys. Rev.B 41 2109 that 420 cm−1 appears in BSCCO only at low temperature while 195 cm−1

was always present. In YBCO experimental detection of 210 cm−1 has been mentioned by Cohen R E,
Pickett W E and Krakauer H 1990Phys. Rev. Lett.64 2575. Boni Pet al 1988 Phys. Rev.B 38 185
reported the presence of about 200 cm−1 in LSCO. To our best knowledge 420 cm−1 has not been reported
for YBCO or LSCO.

[31] Welp U, Grimsditch M, Fleshler S, Nessler W, Downey J, Crabtree G W and Guimpel J 1992Phys. Rev.
Lett. 69 2130

[32] See, e.g., Jorgensen J Det al 1990PhysicaC 171 93
[33] Almasan C Cet al 1992Phys. Rev. Lett.69 680
[34] Ohta Y, Shimozata T, Eder R and Maekawa S 1994Phys. Rev. Lett.73 324
[35] Rossat-Mignod J, Regnault L P, Bourges P, Vettier C, Burlet P and Henry J Y 1992Phys. Scr.T 45 74
[36] Jiang C and Carbotte J P 1992Phys. Rev.B 45 10 670
[37] Carbotte J P 1990Rev. Mod. Phys.62 1740

Carbotte J P 1990Rev. Mod. Phys.62 1122
[38] Combescot R 1991Phys. Rev. Lett.67 148
[39] Markowitz D and Kadanoff L P 1963Phys. Rev.131 563


